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Graph neural networks (GNNs) are deep learning

architectures for machine learning problems on graphs. ?:yul\:i}nvgvt;g'}g
n(v) = comb(¢(v), > ((w))
weNg(v)
\%

n(v) := comb( <é> , <§>)

The combination function comb is learned.
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Let C be the extension of first-order logic (FO) by counting
quantifiers 32P.

GNNs, WL and
Counting Logic

Cq consists of all formulas of C with at most q variables and
C[k] formulas of quantifier rank at most k; Cq[k] = Cq N C[K].

We interpret formulas over labelled graphs; variables range
over the vertices.

Example
For every k, a FO3[k] formula stating that the diameter of a
graph is at most 2X is:

Ookr1(x, y) = 3z 0k (x, 2) A ok (2,y))
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The guarded fragment GC restricts quantifiers to range over GNNs, WL and
Counting Logic

the neighbours of the current nodes.

Example

The following GCo-formula ®(x) says that vertex x has at
most 1 neighbour that has more than 3 neighbours with label
Py:

d(x) =~ 322y (E(x,y) A 324X (E(y,x) A P1(x)))
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GNNs, WL and
Counting Logic

Theorem
Let Q be a unary formula expressible in graded modal logic
GCy. Then there is a GNN that expresses Q.

Theorem (Barcel6 et al. (2020))

Let @ be a unary formula expressible by a GNN and also
expressible in first-order logic. Then Q is expressible in GCs.

Open problem Grohe (2021): How to characterize the
complexity of formulas produced by GNNs?
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GNNs, WL and

Definition (Colouring algorithm (or 1-WL)) SIS
For every graph G, we define a sequence of vertex colourings
cr((G) as follows:

o For every v € V(G), let cr®(G, v) := col(G, v).
(G, v) == (er(G, v), {{er(G, w)lw € N(v)}})

o The stable colouring is denoted cr(*>)(G).

o cr(t) is a vertex invariant.

In the same way we can define the k-dimensional WL
algorithm (WI,EOO)).
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GNNs, WL and
Counting Logic

—>

(G, v) = (crt(G, v), {{er'(G, w)|w € N(v)}})
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Theorem (Cai et al. (1989))
For all graphs G, G’ tfae:

GNNs, WL and
Counting Logic

o wl,((oo) does not distinguish G and G'.

o G and G’ satisfy the same Cy1-sentences.

Theorem
Let t > 0. Then for all graphs G, G’ and vertices
ve V(G),V € V(G') tfae:
o cr)(G,v) = crD(G, V'),
o for all formulas ¢(x) € GCs|t], G IF ¢(v) iff G" I ¢(V').




EF games

Definition (EF games)
The games is played on two relational structures 2 and 5,
and it has two player, a spoiler and a duplicator. It goes as
follows:
o For n rounds:
* The spoiler makes a move by picking an element of

A or B.
* The duplicator responds by picking an element in the

other structure.

o The n-rounds game ends in the position a8 = (a1, ..., an),
b= (b1,...,bn). Duplicator wins if:

(3, ), (b, &®)) is a partial isomorphism btw. 2 and B.
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Ehrenfeucht-
Fraisse games
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Theorem ) ] Ehrenfeucht-
The following are equivalent: Ridalliined

o A and B agree on FO[k].

o A =, B (duplicator has a winning strategy in k-round
game).
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Theorem Ehrenfeucht-

Fraisse games

Let k > 0, Ly, Ly be linear orders of length at least 2k then
Ll =k L2 and L1 EFO[k] L2.

Theorem
(F):Let g,k > 0, and let Ly, Ly be linear orders of length at
least (q + 1)K, then Ly =caq Lo
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o Pebble games to describe the quantifier rank of £, and
Ci Cai et al. (1989).

Ehrenfeucht-
Fraisse games

o EF game for formula size, in logics such as FO,(TC)
Adler and Immerman (2003), predicate FO Hella and
Vaananen (2012), application to linear order of the FO
game Grohe and Schweikardt (2005).

o (F): EF game characterisation of formula size, on C
with bounded variables.

o (F): Application to linear orders of the EF game
characterisation of formula size on C.
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Formula size game on counting logic

EF game for
formula size on
counting logic

Formula size games Counting logic
(MS games)

EF Games
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We define three levels of sets of structures for the game:

o The tuples (A, ) of structure and assignment are EF game for
rmula size on
interpretations (EF). counting logic

o We call families the sets of interpretations (written A)
(Counting).

o Finally tribes are sets of families, we have two, one on
each side of the game (written AT) (MS games).
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We define two main operations:

Blg Update : A+(F,§+/J) = {A(Fk/./) : A € A+a Fk = F,ﬁ\(+(A)} EF game for
formula size on
counting logic

Multiply : A*(x/j) .= {A(F¥,j): Ae At Fk e FK}

Where fAf > Fk is the set of all k-choice functions on A.
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Suppose the position after m moves the position is
(w, L, AT, BT) where dom(A™) = dom(B™).

The left k-supplementing move (3¥) goes as follows: EF game for
formula size on
counting logic

Player | chooses two natural numbers j € [n], k € N* and a
k-choice function F¥ for AT, then the game continues from
the position:

(W -1, L7A+(Fk/j)7 B+(*k/f))




Succinctness on linear orders

Theorem (Grohe and Schweikardt (2005))
Let A,, and A, be two linear orders of size n > m > 0.

Am and A, cannot be distinguished by an

FO3 — (<, succ, min, max) sentence of size less than Vm

2

Theorem (F)

Am and A, cannot be distinguished by an
Cgk) — (<, succ, min, max) sentence of size less than

Jm

vm
k+1-
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Succinctness
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Open problem Grohe (2021): How to characterize the
complexity of formulas produced by GNNs?

o (F): EF game characterisation of formula size, on C
with bounded variables, and application to linear orders. S

o (F): Application to linear orders of the EF game
characterisation of formula size on C.

o Next step: Application to graphs.
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Theorem (Completeness)

1 is a consequence of T iff 1 is formally provable from T.
For which we have the direct consequence:

Theorem

The set of logically valid sentences of first-order logic is

recursively enumerable. (true in all structures, under all
assignments) Finite model

theory

But if we consider only finite models, this fails:

Theorem (Trakhtenbrot)

The set of sentences of first-order logic valid in all finite
structures is not recursively enumerable.
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Example

— There is a theory T such that T has no finite models,
and every finite subset of T has a finite model.

Proof.
Consider {\p :=3x1...xa \;2; (i = x;) : n € N}
[
— An inexpressibility proof: Assume that o = (), then EVEN
is not FO definable. USRS

Proof.

Suppose it is by .

Ty = {®}U {Alk > 0}

Ty = {—=®} U{A|k >0}

By LS theorem, T; and T, have a countable model, (; and
25 that are isomorphic and satisfy 20; IF ® and 20, IF =®. [




The idea behind EF games

A rank-k m-type of a over 2 is
tox(2%,2) = {6 € FO[K] | 2| I 6(a)}-
Theorem
o For a finite relational vocabulary o, the number of differ-
ent rank-k m-types is finite.
o Let Ty,... T, enumerate all the rank-k m-types. There
exist FO[k] formulas (ci(x))i<n such that:

* For every 2l and a € A™, it is the case that 2 I+
aj(x) iff tpk(2A,a) = T; and,

* Every FOlk] formula ¢(x) in m free variables is
equivalent to a disjunction of some «;'s.

In particular, two finite structures that agree on all FO
sentences are isomorphic.
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Theorem
Let k >0, Ly, Ly be linear orders of length at least 2%, then
Ll =k L2 and Ll EFO[k] L2.

Recall Cy[k] is the counting logic where the quantifier rank is
k and the counting rank is /.

Ehrenfeucht-

Theorem Fraisse games
Let c,k >0, and let L1, Ly be linear orders of length at least
(E—F 1)k, then L4 =C,[K] L>.
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2K—1 2K—1
A, | )
min i max
oK—1 oK1
B, — o
min — max

Ehrenfeucht-
Fraisse games
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max

Ehrenfeucht-
Fraisse games
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Proof.
We prove that L1 =) L, in the expanded vocabulary with the

constants min and max. Assume L; = [n] and Ly = [m]m
with n, m > 2K + 1. After round i, the moves are denoted
3= (a-1,a0,a1,...,a;) such that
(a_1,a0) = (mintt, maxt), similarly for b.
We claim that duplicator can maintain after move i, for
1< <
o If d(aj,a)) < 2k, then d(bj, b)) = d(aj, a)). Ehrenfeucht.
o If d(aj,a;) > 2k, then d(bj, b)) > 2k~'. Frafsse games
o 3 < a iff bj < by.
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Formula size game on counting logic

Formula size games Counting logic
(MS games)

Ehrenfeucht-
Fraisse games

EF Games




EF games for counting logic

The games is played on two relational structures 2( and 8,
and it has two player, a spoiler and a duplicator. It goes as
follows:

o For n rounds:

* Spoiler makes a move by picking a set A of 2 or B.
Duplicator selects a set B in the other structure.

* Spoiler picks and element in B, duplicator selects
an element in A.

o The n-rounds game ends in the position
a=(a1,...,an), b=(b1,...,bn). Duplicator wins if:

((3,&%), (b, @®)) is a partial isomorphism btw. 2 and B.
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Ehrenfeucht-
Fraisse games




EF games for formula size

The game EF,, (A, B) has two players, where A and B are
sets of structures. From a position (w, A, B).
There are four possibilities for the continuation of the game:

* V move: Player | first chooses 1 < u, v < w st.
u+v=w.
Then Player | represents A as C U D.
The game continues from (u, C, B) or from (v, D, B)
according to player II.

* A move: similar but splits B.

x 3¥ move: Player | chooses a choice function F for A.
Then the game continues from (w — 1, A(F/j), B(x/J)).

x V¥ move: similar but chooses on A.

Player Il wins the game if they reach a position (1, A, B) and
there is no atomic formula distinguishing A and B.
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Ehrenfeucht-
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No natural way to combine the two games, as seen in the
following counter example:

0 G

duplicator

spoiler

. @ . @ Ehrenfeucht-
duplicator spoiler S ———

The formula 323B(x) A R(x) distinguished 2 and B, but not
3Z3B(x) |
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